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Abstract Translational and 
rotational diffusion equation of 
orientable single elements in external 
orienting potential field is used to 
discuss effective rate of association 
and dissociation during cluster 
growth. First and second harmonic 
terms of orientation-dependent 
potential energy of single elements are 
taken into consideration. Tolerance 
angle accounting for orientational 
limitations for association is 
introduced. 

Effective rate of association of 
single elements is derived with first- 
order correction for the effects of 
orienting potential. Net rate of cluster 
growth depends on orientation in the 
field, and it is controlled by long- 
range diffusion (rotational and 
translational) of single elements. 
Influence of diffusion is higher, the 
narrower the tolerance angle and the 
faster the association. 

At slow association, long-range 
diffusion does not influence the 
process, the growth of a cluster is 
controlled by thermodynamic, 
orientation-dependent potential of 
the species involved in the process. 

Effective rate constants of 
association and dissociation, as well 
as effective concentration of single 
elements are derived as functions of 
orientation angle in the field. 

The Fokker-Planck equation is 
proposed for the distribution of 
cluster size in external orienting 
potential, with the effects of finite 
translational and rotational diffusion 
of single elements, for the case of 
non-polar clusters. 
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Introduction 

Rate of association in the systems of orientable elements is 
affected by long-range translational and rotational diffu- 
sion of single elements, particularly at fast association and 
slow diffusion. The effects of finite rate of rotational diffu- 
sion are proportionally stronger as the orientational lim- 
itations of association [1-6]  are sharper, and effective 
concentration of single elements in the process deviates 
from the concentration at equilibrium. 

Kinetics of association of single elements in the process 
of crystal nucleation with orientational limitations and 
effects of finite diffusion rate, in the absence of external 
orienting forces, has been discussed in ref. [6]. Net fre- 
quency of the process has been expressed by: 

1) association and dissociation rate constants, k + , and 
an effective concentration of single elements, n] ff 

Jg = k + n] f f -  k~- , (1) 

where g indicates the number of single elements in the 
cluster, or 
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2) effective rate constants, k~ ff -+, and equilibrium con- 
centration of single elements, n~ q 

Jg = k~ ff+ g/] q - -  ,~gkeff- (2) 

The effective rate constants and effective concentration 
of the elements in Eqs. (1, 2) are controlled by the con- 
stants of translational and rotational diffusion of single 
elements, D tr, D TM, free energy of association of an element 
'by the cluster, 6fg, and a tolerance angle, A ~9, representing 
orientational limitations of association. 

For spherical clusters, the effective rate constants and 
effective concentration of single elements read [6] 

1 + (k~-/kgD)exp [ 6fg 
keg ff +- - k+ ne~" - L kT J n]q 

' + D ' 1 + k;/kD. 1 + kg/kg 
(3) 

where k~ is diffusion-limited rate constant of association 
by g-size cluster 

kgD tr rot 2 tr = 4~zRgD A(D Rg/D , A,9) ; (4) 

Rg is the cluster radius, 0 < A < 1 depends on the diffusion 
constants, the cluster size, and the tolerance angle. 

External orienting forces affect free energy of cluster 
growth, the rate constants, orientation distribution, and 
effective concentration of single elements. Finite rate of 
rotational diffusion of single elements is expected to affect 
kinetics of crystal nucleation in orienting fields, parti- 
cularly in the case of narrow tolerance angle. 

Model assumptions 

A solution of single elements in external orienting field is 
considered. It is assumed that the elements are nearly 
spherical in shape, and that they associate and orient in the 
field as uniaxial particles. One assumes that single ele- 
ments form spherical clusters, where the elements are or- 
dered uniaxially inside each cluster. Let unit vector ec be 
the direction of orientation of the elements inside a cluster, 
unit vector e denote orientation of a single element in the 
solution, and unit vector eu indicate direction of the field 
(Fig. 1). 

Compliant orientation of a single element and of the 
cluster is required for association. One assumes that any 
collision of single element with the cluster can be effective 
for the angle between e and ec vectors not exceeding the 
tolerance angle A~9. The tolerance angle, introduced as 
a model parameter, is of physical nature and has been 
estimated by statistical mechanical considerations in ref. 
[73. 

e& q'ec 

Fig. 1. Oriented cluster and a single element at collision in an 
external orienting field. A0 denotes tolerance angle of association. 
Unit vector e u indicates direction of the field 
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Fig. 2. Step-wise function, Z(0), characterizing angular range of 
association-dissociation process 

The following step function, unity within the tolerance 
angle and zero elsewhere, is introduced to characterize the 
tolerance angle 

{ ;  f o r O < ~ 9 < A ~ g a n d  ~ r - A O < O < ~  
Z(8) = elsewhere , - (5) 

where cos 3 = e. eo  and 0 is the angle of disorientation of 
the element. Sensitivity of association to the disorientation 
angle O is taken into account by introducing orientation- 
dependent rate constants equal to zero for 0 exceeding the 
tolerance angle, AS. Eq. (5) represents axial symmetry of 
orientational limitations of association. 

Each cluster in the system is considered to be embed- 
ded in an infinite solution of single elements. Such an 
assumption is valid for crystal nucleation where average 
distance between clusters formed in the liquid phase is high 
enough. Validity of this approximation can be verified by 
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comparing the range of substantial changes of the distribu- 
tion of single elements, predicted by the model, with an 
average cluster-to-cluster distance. It has been shown in 
ref. [6] that deviation of the distribution from its equilib- 
rium value decreases by 90% within the distance R-2R 
from the cluster surface, in a wide range of diffusion and 
rate constants. R is the distance between centers of the 
cluster and single element at the collision. At extreme 
values of the kinetic constants, the distance does not ex- 
ceed 10R. 

It is assumed that translational and rotational diffu- 
sion of a 0-size cluster, D~ r, Dg ~ can be neglected because 
of much reduced cluster mobility in comparison with mo- 
bility of single elements 

O tr Og ~ 
Ot ~ ~ 1 , ~ ~ 1. (6) 

Equation of diffusion and the boundary conditions 

Let nl (r, e, t) be distribution density of number of single 
elements in the space of translations, r, and orientations, e, 
around the cluster, in the instant of time t. Orientation 
distribution of the elements is 

nl (r, e, t) 
wl (r, e, t) - ~ nl(r, e, t)d2e ' (7) 

where dZe = sin OdOd#, and 0, # are spherical angles of 
unit vector e in an external coordinate system. The coordi- 
nate system is chosen to be oriented with its Oz axis along 
the direction of the field, eu, and with its origin fixed at the 
cluster center. 

Equation of continuity for the distribution nl is 

I Ul(e)~ 
~n13t = DtrV'Vnl + D~~ ~n l  + na~l kT J , (8) 

where U~ (e) is orientation-dependent potential energy of 
single elements in the field, ~ is rotational operator 

= e •  (9) 
0e 

Translational flux of single elements is controlled by stat- 
istical forces, and the external potential contributes to the 
rotational flux only. 

Interactions between the cluster and the elements are 
neglected in the range of diffusion. Single elements interact 
with the cluster at the collision, and the interactions will be 
accounted for in the boundary condition for the cluster 
surface. 

The boundary condition for the cluster surface as- 
sumes that at any point of the surface, [r [ -- R, the flux of 
single elements with orientation e balances the flux of 

association-dissociation reaction with the cluster 

r 
--  ~ "Jtr (r, e, t) = k + (e; ec)  n l  (r, e, t) - k -  (e; ec)  (10) 

- r / R  is unit vector normal to the cluster surface, and 
origin of the coordinate system is fixed at the cluster 
center. Diffusional mobility of the cluster is neglected, and 
relative translational and rotational diffusion of single 
elements to the cluster is represented by the constants of 
self-diffusion. The left-hand side of Eq. (10) is the radial 
component of translational flux of elements with orienta- 
tion e 

jtr = -- DtrVnl (r,e, t) ,  (11) 

and contribution of rotational flux of the elements can be 
neglected for geometrical reasons [1], k -+ (e; ec) are coeffi- 
cients of association and dissociation which depend on 
orientation e. Orientation of the cluster, ec, appears as 
a parameter. Cluster surface is assumed to be uniform, 
with fixed favored direction of association at any point of 
the surface, ec. 

At the infinite distance from the cluster, the distribu- 
tion is undisturbed, and it reads 

lim ~ nl (r, e, t)d2e = n~ q , (12) 
r ---~ cx3 

where n] q is the number of single elements per unit volume 
of the solution at equilibrium. 

Dependence of the kinetic coefficients k -+ on orienta- 
tion e of single elements results from orientation-depen- 
dent potential energy of the elements and the cluster in the 
field, as well as from interactions between the elements 
and the cluster resulting in angular limitations of associ- 
ation. 

For the purpose of this paper, the following step-wise 
coefficients of association and dissociation are proposed 
[6] 

k + (e; ec) =/~+ (e; ec) z(e'ec) 

k- (e; ec) =/~-  (e; ec) ~ z(e" ec) z(e" ec)d 2 e ' (13) 

where Z is step function defined by Eq. (5), and taken as 
common for association and dissociation. /~-- are rate 
constants of association and dissociation per unit cluster 
surface, with the lack of orientational limitations. One 
assumes that orientational limitations are controlled by 
the same mechanisms for both directions of the process. 

Then, Eq. (10) assumes the following form 

Dtr I /~-(e;ec) 1 
~ r . V n ~  = /~+ (e;ec)nl ~ - e c ~ e  ;/(e'ec) 

[el = R (14) 
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Surface densities of the rate constants are taken in the 
following form [6, 12] 

]~-(e;ec)=vn~exp - ~  exp ( 1 - / )  k ~  ' 

where 

(16) 

(17) 

v is frequency of thermal motion, ns is surface density of 
active centers on the cluster surface, v is volume per single 
element in pure component, ED is activation energy of 
transport in the boundary region, 6#g (e; ec) is pure-com- 
ponent free energy of association of single element 
oriented at e by 9-size cluster oriented at ec in the field 

6~g (e; e c )  = 6 ~  0 -~ Ug (ec)  - [ U g _  1 (ec) + U1 (e)], (18) 

where 6/~ ~ is standard free energy of association at zero 
external field with the lack of orientational limitations of 
association, U1, Ug are, respectively, potential energy of 
single element and of the cluster. 

Steady.state solution 

The steady-state equation of diffusion obtained from Eq. 
(8) is expressed in the following dimensionless form 

Dr~ I Ul(e) ~ ' 1  V~4' + - -y - -  ~ 0  + ~ - - ~ ' ~ '  = 0, (19) 

where 4' (if, e) is a dimensionless distribution function of 
single elements, Laplace operator V 2 is defined in dimen- 
sionless space of translations, ~. The following definitions 
are used: 

nl (r, e) = Ft]q w~ q (e)0(0, e) 

and 

= r /R  , z = D  trt/R 2 .  

w~q (e) = ( 4 z ~ ) -  1 exp ~ - 
L 

u1 (e) ] 
k T .J 

Then, the boundary conditions read 

is the Boltzmann orientation distribution of single ele- 
ments where 

1 [ UA(_e) ] 
~~ = 4~ ~ exp k r  j d2e" 

8Olo=a - D '~ 0 - -  ~.+,eq,A,e q ):(e'ec) (24) . . . .  1 ,.1 S)~(e'ec) d2e 

lim S O(e,e)w~q(e) d2e = 1 (25) 
p~oO 

Introducing the following small parameter for the poten- 
tial energy term in Eq. (19), 

sup ] Ul (e) l 
e -  ~ 1, (26) 

k T  

an expansion method will be applied for the solution. 
Sup I Ul(e)] is the superior value of potential energy of 
a single element in the space of orientations. One assumes 
that U1 is confined to the first and second harmonic term 

UI(e) = U] lj Y1 ( e ' e r )  + g] 2) Y2 ( e ' e r ) ,  (27) 

where e ' e r  = cos0 specifies orientation of the single ele- 
ment's axis e in the field, U]i ) are expansion coefficients. 

Distribution function 0 is spherical in the space of 
translations, and it is a function of the distance from the 
cluster center, O, and of orientation e. Steady-state distri- 
bution, expanded over small parameter, reads 

0(0, e) = ~, ei0~(0, e), (28) 
i=0 

where 0i satisfy the following equations 

i = 0  (V 2 + ~ 2 )  0 0 = 0  

i _> 1 (V 2 + ~N2) 01 = @~q/'~20~-1 (29) 

Boundary conditions for the first two terms read 

c~Q[o=l - Dtr L 0 ~  ~c+Xoo(d,9)n~q z(e 'ec)  (30) 

~01 /~~ 
~olo = l Dtr - -  [01 - 6~g(ec)00] Z 

00o § [/~ (e) § (1 - / ~  
(20) 801e = 1 

lira 0i = 61o, (31) 
(21) o-~ oo 

where s + are zero-field surface densities of the rate con- 
(22) stants with lack of orientational limitations of association, 

/ o  denotes the factor r taken for zero field (cf. Eqs. (17, 
18)), 6io is the Kronecker's symbol. 

d~/1 (e) = U 1 (e)/supl U11 6q~ = (Ug - Ug_l)/sup[ U1 ] (32) 

(23) are, respectively, dimensionless potential energy of single 
element and change of potential energy of g-size cluster 
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during growth by one element, reduced by superior value 
of potential energy of single element. 

O~O' R 2 (g) 
@ (33) Dtr 

is the reduced constant of rotational diffusion of single 
element, and 

Xoo(AS) = ~ X(e ' ec )d2e /4~  = 1 - cosA8 (34) 

is the fraction of the total solid angle occupied by the 
tolerance angle. For narrow tolerance angle, Xoo can be 
approximated by (A 8)2/2, and it equals unity for lack of 
orientational limitations. 

The zero-order term is expressed by an expansion over 
zero-order even spherical harmonies, YEj (e 'ec) 

6o(O, e) = ~ n2j (Q) Y2j(e'ec) (35) 
j=o Y0 

The expansion coefficients are functions of the distance 
from the cluster center, O 

~+ 
b2j(O) = 6jo - a 2 j -  exp [ - (2j (2j + 1)~)  ~ 

O 

x ( o -  1)] 1 - exp \kr/d '  

b2j+l(O) = 0 (36) 

where 

+ = kO + Xo 0 (A t~) R (g)/O tr (37) 

is reduced surface density of the association rate constant 
at zero external field, and 

6fg = 6# ~ - kT ln  [Xoo(A,9)c] q] + k T l n ~ ,  (38) 

where c] q = vnel q is volume fraction of single elements in 
the system. Coefficients a2; are functions of the reduced 
association rate constant, reduced rotational diffusion 
constants of single elements, and the tolerance angle [6] 

azj = azj  (~+, ~@, A,~q) , azj+l = 0 . (39) 

First-order correction term 

The first-order correction term is expressed by the follow- 
ing series expansion in spherical harmonics, Y~" ( e ' e o  q)) 

J r~'(e .e~,  ~) 
~q(o ,e )=  ~, Z bj~(0) (40) 

j=o m= -2 Yo 

Using potential energy U1 and the zero-order term 
~o given by Eqs. (27, 35), the following set of equations is 

obtained for b j,. (6) 

d2bj,n 2 dbj,, 
do  2 + ~ j ( j  + 1) O do 

2 
= ~ ~., (i) 6) q/1 fjm (6) Y/~ (ec "eu, q~) (41) 

i= t  

j = 0 , 1 , 2  . . . .  

m =  - j ,  - j +  1 . . . . .  j -  1 , j ,  

where 

- (42) 
s u p ] U l l  

are dimensionless coefficients of the single element's poten- 
tial energy, and functions fj~) (6) are shown in the Appen- 
dix (Eqs. (A1-A9)). Scalar product ec 'eu = cos0, and 
(0, ~) are spherical angles of orientation of the cluster axis 
ec with respect to the direction of the field, eu. The pair of 
spherical angles (0, ~) should be distinguished from (~9, rp) 
denoting orientation of, a single element's axis e with re- 
spect to the cluster. Y[~(O, ~P) are conjugate spherical 
harmonics. Orientation angle 0 of the cluster axis in the 
field will be used below in this paper instead of scalar 
product ec" eu. 

Solution of Eq. (41) reads 

bjm = Cj., ~ exp [ ( j ( j  + 1)~)  } (6 - 1)] 

E  0o, + ~ +  1 - e x P \ k T  i=12ql~ 0 (i) *,~ 

(43) 

where ..(i) Yj,~ (6) are listed in the Appendix (Eqs. (A10-A18)), 
and the constants C~m, determined from boundary condi- 
tion for the cluster surface, read 

Ckn=[1- -exp (~k@) l I6nodk /~  

tUk, -- T "k,) Y? (0, eb) 
i=1 

+ ~.o ak exp \kr]  (44) 

In[ = 0 , 1 , 2  

k = In], [nl + 1, Inl + 2 . . . . .  

Ck.-----O f o r [ n l > 3  (45) 

Coefficients dk, _(i) ~(i) uk., -k. are solutions of the following 
sets of equations 

Bmjodj = [1 + (m(m + 1)N) ~] a., (46) 
j=0 
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k B.v.  _(o dg~ ) + ~ g(~ (O -- 1) xj*'~ 
UJn -- ~ 1 Xo--  0 =[~1 dolo=l j=[n[ 

Bmj n d(.i) = h~ ~Jn 
= Inl  

The first-order correction term is orientation-dependent, 
(47) and it assumes the following form 

Jg,~ = - 4rcRZ(g)l~~ Xoo(A,9)n~qCoo(O)/~. , (55) 
(48) 

where 

i =  1 , 2 , 3 , . . . .  
n = 0 , 1 , 2 .  

Factors h~), are listed in the Appendix (Eqs. (A20-A26)), 
and components of the matrix B, read 

Bmj n = [1 + (m(m + 1)~)  ~-] (~mj -[- 0~+ x n ~ ( A  3) (49) 
X oo ( A ,9) ' 

where 
1 

X~')(A,9)= 27r S 1~m(,9,~0) Z(O ) rr(,9, cp) d(cos,9).  (50) 
- 1  

Equations (46-48) have been solved numerically. For 
n > 3, Eqs. (47, 48) are uniform, and then a (i) = O, 3(o = O. 

- -  k n  ~ k n  

Net rate of association 

Net rate of association is given by total flux of single 
elements at the cluster surface, and for g-size cluster it can 
be expressed by the following formula 

I /~-(e; e c ) 7 z ( e . e c ) d o d 2  e J g ( e c ) = S ~  /~+(e;ec)n~ ~ z ( e . e c ) d 2 e j  

---- 5 5 Dtr (Vlo=ln I "d2o') d2e . (51) 

Equation (51) is obtained by integrating both sides of the 
boundary condition (Eq. 14) over total cluster surface (da) 
and total orientation space of single elements (dZe). Net 
rate of association is the function of cluster orientation 
ec in the field. 

For steady-state distribution of single elements, the net 
rate of association reads 

8 
Jg(ec) = 4gR(g)D 'r n~ q t W~ q (e) 801o= 1 O(O, e; ec) d2e ,  

(52) 
and its expanded form is 

F exP \ k T J  ] [ d o / ~  aqlg( 0 ) Coo(O) = [_1 - 

~ ,  ( i ) 0  ( i)  d ] / { i )  1 + t a o o - /  doo) Y~(0) 
i = 1  

//6fg'~ + exp ~-~)aoSq/g(O),  

Jg (ec) = Jg, o + ~ giJg, i (ec). (53) 
i = 1  

The zero-order term in Eq. (53) is isotropic, and it reads 
(cf. Eqs. (64-66) in ref. [6]) 

E (<)] Jg, o = 47rRa(g)/~~ Xoo(A'9)n~ q 1 -- exp ~-~ a o / ~ ,  

(54) 

and 

(56) 

I ~O+_Xoo R ] - i .  (57) 
ao = [1 + o:+/A(~, d'9)] -1 = 1 + D t r A  j 

Factor A in Eq. (57) has been derived in ref. [6], and it is 
given by Eqs. (A27, A30) in the Appendix. Figure 3 shows 
plots of A vs. ~ = Dr~ tr for several values of the 
tolerance angle. The values of A are between zero and 
unity. For narrow tolerance angle A is much smaller than 
unity, and it approaches unity for A 0--+ rr/2 or @ --+ oc. 

For odd j, the constants aj = 0, and from Eqs. (47, 48, 
A10, A20) one obtains 

( 1 )  . / ( 1 )  0 ( 5 8 )  
a o o  ---- U O 0  = . 

The coefficients n(2)  ,4 , 3 (2 )  -oo, -o, ana %o have been computed using 
Eqs. (46-48). Figure 4 shows plots ofa(oZ)o/ao (1 - c~ + ao) vs. 
c~+/A computed from Eq. (47) for ~ = 10- ,, 1, 10, 102, and 

Fig. 3 Plots of A vs. -@ = D r~ R2/D tr computed for several values of 
the tolerance angle A 0 
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A # = 5 ~ The computed  values are close to unity, and in 
this range one can approx imate  

a(2) (1 -- ~+ (59) 
00  --- a o  a o )  �9 

The plots of do/ao and -oo/-o'gl)/" vs. oF/A,  c o m p u t e d  from 
Eqs. (46, 48), are shown in Figs. 5 and 6 for ~ = 10-1, 

= 10 2, and A8 = 5 ~ The plots a lmost  overlap in the 
figures, and they overlap with the plot  of ao shown by 
dashed curves. Fo r  intermediate  values of ~ ,  the compu ted  
values also overlap (the plots are not  shown). Then, 

do and ,4(2) will be approx ima ted  by ~ 0 0  

./(2) do = woo ~ a 2 . (60) 

Using zero- and first-order correct ion terms (Eqs. 
(54, 55)) and the coefficients given by Eqs. (56-60), the 
steady-state net rate of associat ion is 

I1  _ 1 + (1 - A)o:+/A V ~  2) 4(0) 4 ,o L 1 + ~+/A kT Y2(O) 

TT(2) Y 0 r2( !l 
(1 + o:+/A)kT ] 

_ 4nR2/~ o lUg(O) (61) 
(1 + c~+/A)kT " 

F a c t o r / ~  equals zero for positive net rate of associat ion at 
zero field, Jg, o > 0, and it is unity for negative one. 

Equa t ion  (61) predicts that  the first ha rmonic  term of 
single element 's  potential  energy, U] 1), does not  contr ibute  
at all to angular  dependence of the net flux of association. 
This is a consequence of axial symmet ry  of or ientat ional  
l imitations of association defined by Eq. (5). Such a sym- 
metry  corresponds to format ion  of non-po la r  clusters in 
polar  fluid where parallel and anti-parallel  orientat ions of 
single elements are accepted by a growing cluster with 
equal weights. Second harmonic  term, U] 21, which corres- 
ponds,  for example,  to induced effects in an electric field, 
contributes to orientat ional  dependence of the flux, as well 
as does the change of potential  energy of the cluster during 
growth,  6Ug. 

The conclusion is in agreement  with experimental  ob- 
servations of growth of non-polar  phase in crystallizing 
poly(vinylidene fluoride) in electric field. It has been 
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observed that contribution of the field to angular differen- 
tiation of crystallization rate of non-polar phase was 
negligible, as results from weak induced effects [13, 14]. 
Orientation of permanent dipoles in the amorphous 
matrix does not cause any angular anisotropy of the asso- 
ciation process. 

Net rate of association is enhanced by the field for the 
range of cluster orientations where the second term of 
single elements' potential energy, and the change of poten- 
tial energy of cluster during growth are negative 
(U] 2) I'2(0) < O, aUg(O) < 0), and it is reduced elsewhere. 

At a temperature at which zero-field net flux of associ- 
ation, Jg, O, vanishes, a non-zero net flux of association (or 
dissociation) is induced by the field, and it is governed by 
the change of potential energy of cluster during growth, 
aUg: 

Jg(O) = - 4rcR2s ~ aUg(O) 
(1 + c C / A ) k T  (62) 

At this zero-field equilibrium melting temperature, the 
field induces positive net flux (association) in the range of 
cluster orientations where the cluster potential energy de- 
creases during growth, a Ug(0) < 0, and negative one (dis- 
sociation) in the range where aUg(O) > 0. Finite diffusion 
rates and orientational limitations of association reduce 
effects of the field by the factor of(1 + ~+/A) -a 

For fast reversible association and narrow tolerance 
angle (o~/A >> 1) 

Jg(O) = 4rrRDtrAn~ q [1 - (1 - A) ~ -  U]2) Y2(0) 

(afg~ U '  2) aUg(O))]/.. 
- e x P \ k r ) ( 1 - ( 1 - A ) - ~  Y2(0)+ ~ ~- (63) 

For fast irreversible process, afg-~ - co, Eq. (63) re- 
duces to 

u?' 
Jg(O) =4rcRD'rAn]q[1--(1-A)-  Y2(O)l/  f. (64) 

Equation (68) shows diffusion limited aggregation (DLA) 
formula for the case of external orientation field and 
uniaxial symmetry of orientational limitations of associ- 
ation. The DLA rate is enhanced by the field in the range 
of orientations where the second harmonic term of single 
element's potential energy is negative, and it is reduced in 
the range where the term is positive. 

For narrow tolerance angle (A ~ 1), Eq. (64) reads 

Jg(0) = 47zRD'r An] q 1 -- ~ -  Y2 (0) Lr . (65) 

For lack of any orientational limitation of association 
(A = 1), Eq. (64) reduces to the following isotropic form 

Jg = 4rtRD t' F/~q/~. , (66) 

which for zero external field (~( = 1) assumes the well 
known Smoluchowski DLA formula. 

Effective rate constants and effective concentration 

Net rate of association of single elements by g-size cluster, 
expressed by orientation-dependent, effective rate con- 
stants, k~ ff + (0), and equilibrium concentration of single 
elements, n~ q, reads 

Jg(0) = k~ ff+ (0) n]  q - kg ff (0 ) ,  (67) 

where 

4~R 2/~+ Xoo 
]~;gff+ (0) -- 1 § oC/A [1 - ~(0)]/~q( (68) 

4~rR2/~- I aUg(O)~ 
kg ff- (O) - I + u+/A 1 - ~ ( 0 ) + ~ T - - j ,  (69) 

and 

1 + (1  - A)~+/A e ]  2~ 
~(o) = Y2(O) 

1 + a+/A kT 

aUg(O) -- U~ 2) II2(0) 
+ f o  (1 + o:+/A)kT (70) 

At slow associations (~+/A ~ 1), the effective rate con- 
stants reduce to equilibrium rate constants: 

I c ]') r2 (0) k;(O) = 4rcR2s176 1 - ~ -  

_ / o  aUg(O) - u~ ~) 
kr  r ' ( ~  (71) 

k2(O)=4rcR2s ~ [l  + ( l _ f o ) a u g ( O ) -  U~21Y2(O) 1 -kT 

(72) 

In this case of slow association, the effective rate constants 
are not influenced by long-range diffusion, and they are 
controlled by thermodynamic factors. 

Net rate of association, expressed by an effective, ori- 
entation-dependent concentration of single elements, 
n~ff(0), and by the equilibrium rate constants, reads 

ag (0) = k + (0) n] ff (0) - kg- (0), (73) 

where n~ ff accounts for the effects of finite diffusion rate, 
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and it reads 

n] q - 1 + c~+/A 1 - exp\kT] 1 + 1 + c~+/A 

(~1/'](2) Y2(O) + / ~ bUg(0)  - U]2) Y2 (0))]  
x A ~ -  k T  

+ e x p ~ )  I + I + ~ + / A  ~ -  J '  (74) 

For slow association, Eq. (74) reduces to n] fr = n~ q. At zero 
external field it reduces to the form derived in ref. [6]. 

The ratio e+/A in the above formulae can be expressed 
by the ratio of the equilibrium rate constant of association 
at zero field, k ~ +, and the DLA rate constant at zero field, 

e+/A o+ o = k~ /kg , 

where 

kO + = 4nR 2 (g)/~0 + Xo0 (A ~9), 

(75) 

k D = 4~R(g) DtrA(~,  A,9). 

(76) 

Crystal nucleation 

In kinetic models of crystal nucleation, the clusters can be 
considered as isolated one from another in the system, and 
the effective rate constants and effective concentration of 
single elements, derived in this paper, can be used. 

Frequency of association of single elements by a g-size 
cluster in the system is k~ n~ff(g), and that of dissociation is 
kg. Then, net flux of growth of clusters of size g from 
clusters of size g - 1 in a unit volume of the system is 

jg = k~-_ 1 n~ ff (g - 1) ng_ 1 - k~- ng, (77) 

where ng denotes number of g-size cluster in unit volume, 
and n~ ff (g --  1) is effective concentration of single elements 
for the cluster of size g - 1. 

Equation of continuity for the distribution of cluster 
sizes reads 

C~ng _ 

Ot (Jg + 1 -- Jg) �9 (78) 

For continual variable g, the ratio 

6 fg + fiUg(O) 
k~_~n]ef(g - l)/kg = I - (1 + k ~ / k ~ ) k T  + "'" (79) 

and linearized form of orientation-dependent flux of 
growth of the clusters in the field reads 

j(g, O, t) = - k ;  (O) t)~ g g / z 2 + n ( l + k + / k D ) k T  " '  (80) 

where n (g, 0, t) is time- and orientation-dependent distri- 
bution of cluster sizes in the system. 

Equation of continuity for the distribution of clusters, 
n, assumes the following form of a Fokker-Planck equa- 
tion 

where orientation-dependent thermodynamic driving 
force of the process, 6fg+6Ug(O),  is reduced by 
1 + k+/k~. For fast association, the role of the thermo- 
dynamic force can be considerably reduced by finite diffu- 
sion rate of single elements and narrow tolerance angle. 

For slow association (k +/k D ~ 1), Eq. (81) is controlled v - g  ~ g 

by pure thermodynamic driving force. Orientational de- 
pendence of the thermodynamic force results from poten- 
tial energy of clusters in the field. 

Conclusions 

Net rate of association in external orienting field is ori- 
entation-dependent. The rate of the process is reduced by 
the finite rate of long-range translational and rotational 
diffusion of single elements, particularly for fast reactions 
and narrow tolerance angles. 

The role of external field in the kinetics of association is 
affected by the diffusion and depends on the rate of associ- 
ation, translational and rotational diffusion constants of 
single elements, and the tolerance angle. 

For slow associations, long-range diffusion of single 
elements does not influence the process, and net rate of the 
process is expressed by orientation-dependent equilibrium 
rate constants (Eqs. (71, 72)), and by equilibrium concen- 
tration of single elements. To satisfy the condition of slow 
reactions, the rate of association should be the slower, the 
slower the translational diffusion of single elements, the 
smaller the ratio Dr~ tr, and the narrower the toler- 
ance angle. 

For fast processes, translational and rotational diffu- 
sion of single elements and the tolerance angle influence 
orientation distribution of single elements and kinetics of 
cluster growth (dissociation) in external orienting fields. 

For narrow tolerance angle and not too high values of 
Dr~ (i.e., for A ~ 1) potential energy of single ele- 
ments contributes significantly to orientational depend- 
ence of the effective rate constants of association and 
dissociation, and ~ (0) equals U] 2) Y2 (O)/kT in Eqs. (68, 69). 

For lack of orientational limitations of association, or 
for very large clusters (i.e., for A ~ 1), potential energy of 
single elements does not influence orientational depend- 
ence of the effective rate constants, and ~(0) equals zero. 
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The only orientation-dependent contribution of the field 
comes from potential energy of the cluster, aUg(O). 

Finite rate of translational and rotational diffusion, as 
well as orientational limitations of association reduce ef- 
fective rate of cluster growth in the range of orientation 
angle where the second harmonic term of the single ele- 
ment's potential energy is positive, lr(2) 1 Y2 (0)) > 0, and 
enhance it in the range where ~xrr(2)I12(0)< 0. The first 
harmonic term of the potential energy does not contribute 
to orientational dependence of the growth rate of non- 
polar clusters. 

The model used in this paper allows for formulation of 
the equations of kinetic theory of crystal nucleation in 
external orienting field with the effects of finite transla- 
tional and rotational diffusion of single elements and 
angular limitations of association: Equation of continuity 
for the distribution of clusters in the system has a form of 
diffusion equation in the space of cluster sizes with orienta- 
tion-dependent thermodynamic driving force. The role of 
the thermodynamic force in this equation is reduced by 

O+ D 1 + kg /kg, dependent on the association rate constant, 
rate of translational and rotational diffusion of single 
elements, and tolerance angle. Angular dependence of 
thermodynamic driving force of the process results only 
from the orientation-dependent potential energy of clus- 
ters in the field. 

Appendix 

Functions f~) (0) read 
- for odd j 

fj(ol) = [ ( j  + 1)(j + 2) 
(2j + 3) ~ bj+l (0) 

j(j-1) bs_~ (O)] 1 
(2j  - 1)§ (2j  + 1) ~ 

f l  (1) 
l , _ + ~ :  - -  

I j + 2  
(~ 7~)~- bj+l (0) q'- 

j l ] 
(2j - 1) �89 (0) 

(A1) 

x (  -j(j +-1) ~} (A2) 
\2 (2 j  + 1)/I 

f ( 1 )  Js., = 0 for Iml _> 2 (A3) 

f ( 2 )  j j,, = 0 (A4) 

- for even j 

.(1) = O 
m 

f(o2) [ (j + 1) (j + 2) (j + 3), 
, = ~ j  ; -3 )72)- + 5) F DJ +2 (~)) 

+ J ( J +  1 ) ( 2 j + l )  ~ 
(2j - 1) (2 /+  3) bs (0) 

(j - 2) (j -- 1)j 7 
- ( 2 j  l ~ j - - - g  -~bj-2(O) ~ (2j + 1) ~ 

(A6) 

fj (2) 
,_+1 

+ 

I (j + 2) (j -~ 3) 
(27s ~ 7  ~) bs+~ (o) 

3 (2j + 1)~ 
2 (2j - 1) (2j + 3) bs (0) 

1) (J-  2)(J- _).bs_2(O)](6j(j +_ 1_)~ ~ 
( 2 j - ~ ( 2 ) -  \ 2 j + l  /I 

(A7) 

fj (2) 
,+2  

j + 3  
= ( 2 j + 3 ) ( 2 j +  5) ~*bs+2(O) 

3 (2j + 17 
- (2j - 1) (2j + 3) bs (0) 

j - 2  1 - (2j - 1 ) (2 j  - 3) ~ bs-2 (0) 

( 3 ( j -  l)j(j+ l)(j+ 2)) -~ 
• 2 ( 2 j +  1) 

(AS) 

f / 2 ) = 0  f o r l m l > 3  (A9) 

where b s (0) are coefficients of zero-order solution. 
Introducing fls = [j(j + 1)@] ~, functions gs,,(1) (0) read 

- for odd j 

g(a) 1 [ j + 2 e-Pj+, (o- 1) 
So - 0 [_ (2j + 3) ~ as + 1 

j -- 1 -/b-, (0 1)-] 1 
+ (2j -- 1) ~ as- 1 e j 2 (2j + 1) ~ (A10) 

a(1) 1 I J + 2 
oJ, -+, = o (j + 1) (2j + 3) } as+* e-P'+' (o 1) 

;-1 ] 
J(Rj-- 1) :as -1  e-/b 1(Q-1) ( J ( J +  1) ~ 
�9 - ' -  - * \ 2 ( 2 j +  1)// 

(All) 

g(1) jm = 0  for]m 1 > 2  (A12) 

(A5) _(2) ysm = 0 (A13) 
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- for even j 
g(t)  j., = 0 (A14) 

g)~) = _ 1 ~ ( j +  1 ) ( j +  2)(j  + 3) e_~. : (o_ 1) 
[_ - (~+3)  2 ( 2 j + 5 )  + a j+2 

(2j + 1)r ~) 
- (2j - 1)(2j + 3) as flse-a;(~ 

+ (j - 2)( j  - 1)j -~ ~(o-~)] 3 
( 2 j -  1):(2j - 3) ~ as-ze J 2(2j + 1) ~ 

(A15) 

g(2) _ 1 I  ( j + 2 ) ( j + 3 )  -~j+~(o-l) 
j , + l - ~  ( 2 j + 3 ) z ( 2 j +  5)~a/+2 e 

+ 3 (2j + 1) 4 
2 (2j - 1) (2j + 3)j (j + 1) 

- - r  xa j f i j~  - 1 ) _  (J 2)(j 1) 
(2j - 1) 2 (2j - 3) ~ as_ 2 

xe-Ps'-(o-t)]( 3j(j+l)']42 (2j + 1)} (A16) 

Oj(2) _ _  1 [ j + 3 
,+2 'fO (2j+3)2(2j+5) ~aJ+2e-~(~ 1~ 

+ 3 (2j + 1)~ fl~ e -p~4e- ~) 
(2j - 1)(2j + 3)j (j + 1) a~ 

j -- 2 -Ps-~ (o- 1)] 
+ (2j - 1) 2 (2j - 3) ~ aj-2 e J 

6 ( j -  1) j ( j  + 1)(j + 2)'~ ~ 
x 2 j + l  ) (A17) 

g~2 = 0 for Iml ~ 3 ,  (A18) 

where as are coefficients of zero-order solution, aj = 0 for 
odd j. 

When the constants Ca, has been derived, the following 
integral appears, which for potential energy given by Eq. 
(27) reads 

' * [ fI~u~ ( e ' e c ) ~ ' l o = t  Y~176 e = 1 - exp \ k T / J  

2 

x E ~ui" f:7 (ec" eu, 4)) ~(" ',k, , ( A I 9 )  
i = 1  

where 

h(l' [ k+~)~.(1 

+ (2k  1 ) ~ (  1 +flk-Oak-~ (2k+  1) ~- (A20) 

h(1)k, +_1 -- (2k +1 3) a (1 + ilk+l) ak+l (2k - t) 1 

x ( l+ f ik_~)ak_~  \ 2 ( 2 k +  1) (A21) 

hO) 0 for In] > 2 (A22) kn ~ 

h(2) f 3 ( k +  1 ) (k+2)  (1 + fik+2)ak+2 kO = 2(2k + 3)(2k + 5)~ 

k ( k +  1)(2k+ 1) ~ 
+ (1 + ilk) ak (2k -- 1) (2k + 3) 

3 k ( k - 2 )  (1 +,k-2)ak 2] 
+ 2 (2k - 1) ~ 3) } 

1 
X 

(2k + 1) ~ 

h(2) [ k + 2 (1 + ilk+2) k,+~= - ( 2 k + 3 ) ( 2 k + 5 )  ~ a k + 2  

(2k + 1) } 
+ ( 2 k - 1 ) ( 2 k + 3 ) ( l + f i k ) a k  

k -  I + f ik -2)ak-2  t + 
( 2 k -  1)(2k - 3) f(1 

• ( 3 k ( k  + 1)~ ~ 
\ 2 ( 2 k  + 1 ) /  

] 1 (1 + ilk+2) ak+2 h ( 2 )  
k2 = (2k + 3)(2k + 5) ~ 

2(2k + 1) ~ 
(1 + ilk) ak 

- ( 2 k  - 1) (2k + 3) 

1 + fik-Z)ak-2] + 
( 2 k -  1 ) ( 2 k -  3) 4(1 

( 3(k-1) k(k + l)(k + 2) ) ~ 
x 8 (2k + 1) 

h(Z) k, = 0  for ln l_>3 

ak are coefficients of zero-order solution. 
The factor A is 

(4i + 1) K~ (A ~9) 
A 

~=oA" 1 + ( 2 i ( 2 i +  1)~) ~ '  

(A23) 

(A24) 

(A25) 

(A26) 

(A27) 
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where 

X2i ,  o (A ,9) ~Co = 1 
t%i = (4i + 1)Xoo (A'9) (A28) 

1 K 2 i  - -  

X21, O(ZI'9 ) = 2~z I Y2/(c~ Z(,9) Yod(cos,9).  (A29) 
t 

+ 
tq (A,9) can be computed  using the following recurrent 

formula [6] 

( i -  1 ) ( 2 i -  1) 
i (2i + 1) ~c2(i- 1) 

4i - 1 
2i (2i + 1) (1 + cos A ,9) Pzi- 1 (cos d ,9) (A30) 
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